Applying the general framework for local zeta regularization proposed in Part I of this series of papers, we renormalize the vacuum expectation value of the stress-energy tensor (and of the total energy) for a scalar field in presence of an external harmonic potential.
Introduction
In Part I of this series of papers [10, 11, 12] (partly inspired by [9] ) we have considered the general framework of local (and global) zeta regularization of a neutral scalar field in a d-dimensional spatial domain Ω, in the environment of (d + 1)-dimensional Minkowski spacetime; the possible presence of an external potential V was taken into account as well. In the present Part III we consider a massless field on Ω = R d , and choose for V a harmonic potential. The potential is assumed to be isotropic, i.e., to be proportional to the squared radius |x| 2 (x ∈ R d ); nevertheless, our approach could be extended with little effort to anisotropic harmonic potentials and to the case of a massive scalar field. The main result of this paper is the renormalization of the vacuum expectation value (VEV) for the stress-energy tensor, obtained applying the general framework of Part I to the present configuration; we also discuss the total energy in this configuration. After producing general integral representations for both the renormalized stressenergy VEV and the total energy, we consider in detail the cases of spatial dimension d ∈ {1, 2, 3}. The above mentioned integral representations are derived analytically and are fully explicit; however, the integrals therein must be computed numerically. We have performed these latter computations for d ∈ {1, 2, 3}, using Mathematica. Using the previously cited integral representation, it is also possible to derive the asymptotics for the stress-energy tensor components when the radius |x| goes to zero or to infinity; we derive, as well, remainder estimates for these asymptotic expansions as well. The idea to replace sharp boundaries with suitable background potentials is wellknown in the literature on the Casimir effect. Typically (see, e.g., [3, 5, 15, 17, 19] ), delta-like potentials are introduced in order to mimic boundary conditions in a "physically more realistic" framework; the ultimate purpose is to obtain less singular behaviours of the renormalized quantities, avoiding, e.g., boundary divergences such as the ones pointed out in Parts I and II [10, 11] . The case of a scalar field interacting with an external harmonic potential has been formerly considered by Actor and Bender [1, 2] , who have determined the renormalized VEV of the total energy via global zeta regularization; to the best of our knowledge, local aspects such as the stress-energy tensor have never been considered previously for the present configuration. The paper is organized as follows. In Section 2 we present a summary of basic results from Part I; as in Part II, the purpose of the summary is to save the reader from the tedious task of recovering from Part I the general identities applied here. In Section 3 (and in the related Appendix A) we discuss the general approach to treat the case of a scalar field interacting with a classical, isotropic harmonic potential in arbitrary spatial dimension d; this includes general expressions for the renormalized stress-energy VEV, its asymptotics for |x| small or large and for the renormalized VEV of the total energy (more precisely, for the bulk energy as defined in Part I). The main ingredients in the derivation of the above results are: i) the general results of Part I relating the zeta regularization to the heat kernel of fundamental operator A = −∆ + V (x); ii) the fact that, when V (x) is harmonic, the related heat kernel is the well-known Mehler kernel [18] (also see [4, 6, 8, 16] ). In Section 4, the analysis presented in the preceeding sections is specified to the cases of spatial dimension d ∈ {1, 2, 3}. We point out that results on the renormalized bulk energy agree with the ones of Actor and Bender [2] for d ∈ {1, 2, 3}. Nevertheless, it should be mentioned that these authors compute the analytic continuations required by the zeta approach using ad hoc results on continuation the special functions involved in this specific case; on the contrary, here we are applying mechanically the general setting discussed in Part I, in the spirit of the present series of papers. Our approach works in (d + 1)-dimensional Minkowski spacetime, which is identified with R d+1 using a set of inertial coordinates
the Minkowski metric is (η µν ) = diag(−1, 1, ... , 1) . We fix a spatial domain Ω ⊂ R d and a background static potential V : Ω → R. We consider a quantized neutral, scalar field φ : R×Ω → L sa (F) (F is the Fock space and L sa (F) are the selfadjoint operators on it); suitable boundary conditions are prescribed on ∂Ω. The field equation reads 0 = (−∂ tt + ∆ − V (x)) φ(x, t) (2.3)
∂ ii is the d-dimensional Laplacian). We put
keeping into account the boundary conditions on ∂Ω, and consider the Hilbert space L 2 (Ω) with inner product f |g := Ω dx f (x)g(x). We assume A to be selfadjoint in L 2 (Ω) and strictly positive (i.e., with spectrum σ(A) ⊂ [ε 2 , +∞) for some ε > 0).
We often refer to a complete orthonormal set (F k ) k∈K of (proper or improper) eigenfunctions of A with eigenvalues (ω 2 k ) k∈K (ω k ε for all k ∈ K). Thus
(2.5)
The labels k ∈ K can include both discrete and continuous parameters; K dk indicates summation over all labels and δ(h, k) is the Dirac delta function on K.
We expand the field φ in terms of destruction and creation operators corresponding to the above eigenfunctions, and assume the canonical commutation relations; |0 ∈ F is the vacuum state and VEV stands for "vacuum expectation value". The quantized stress-energy tensor reads (ξ ∈ R is a parameter)
in the above we put A • B := (1/2)( A B + B A) for all A, B ∈ L sa (F), and all the bilinear terms in the field are evaluated on the diagonal (e.g.,
). The VEV 0| T µν |0 is typically divergent.
Zeta regularization.
The zeta-regularized field operator is
where A is the operator (2.4), u ∈ C and κ > 0 is a "mass scale" parameter; note that φ u | u=0 = φ, at least formally. The zeta regularized stress-energy tensor is
The VEV 0| T u µν |0 is well defined for ℜu large enough (see the forthcoming subsection 2.5); moreover, in the region of definition it is an analytic function of u. The same can be said of many related observables (including global objects, such as the total energy VEV). For any one of these observables, let us denote with F (u) its zeta-regularized version and assume this to be analytic for u in a suitable domain U 0 ⊂ C. The zeta approach to renormalization can be formulated in two versions. i) Restricted version. Assume the map U 0 → C, u → F (u) to admit an analytic continuation (indicated with the same notation) to an open subset U ⊂ C with U ∋ 0 ; then we define the renormalized observables as
ii) Extended version. Assume that there exists an open subset U ⊂ C with U 0 ⊂ U, such that 0 ∈ U and the map u ∈ U 0 → F (u) has an analytic continuation to U \{0} (still denoted with F ). Starting from the Laurent expansion F (u) = +∞ k=−∞ F k u k , we introduce the regular part (RP F )(u) := +∞ k=0 F k u k and define
Of course, if F is regular at u = 0 the defnitions (2.9) (2.10) coincide. In the case of the stress-energy VEV, the prescriptions (i) and (ii) read, respectively,
2.3 Conformal and non-conformal parts of the stress-energy VEV. These are indicated by the superscripts (♦) and ( ), respectively; they are defined by
where we are considering for the parameter ξ the critical value
2.4 Integral kernels. If B is a linear operator in L 2 (Ω), its integral kernel is the (generalized) function (x, y) ∈ Ω×Ω → B(x, y) := δ x |B δ y (δ x is the Dirac delta at x). The trace of B, assuming it exists, fulfills Tr B = Ω dx B(x, x) . In the following subsections A is a strictly positive selfadjoint operator in L 2 (Ω), with a complete orthonormal set of eigenfunctions as in Eq. (2.5). In typical applications, A is the operator (2.4).
2.5
The Dirichlet kernel and its relations with the stress-energy VEV. For (suitable) s ∈ C, the s-th Dirichlet kernel of A is
is continuous along with all its partial derivatives up to order j ∈ N, for all s ∈ C with ℜs > d/2 + j/2 .
Recalling Eq. (2.8), the regularized stress-energy VEV can be expressed as follows:
; indeed, the VEV does not depend on t); of course, the map Ω → C, x → 0| T u µν (x)|0 possesses the same regularity as the functions
2 (x, x) (z, w any two spatial variables); so, due to the previously mentioned results, x → 0| T u µν (x)|0 is continuous for ℜu > d + 1. The above framework relates the renormalized stress-energy VEV 0| T µν (x)|0 ren := RP | u=0 0| T u µν (x)|0 to the analytic continuation at u = 0 of the maps u → κ u D u±1
2 (x, y) and of their derivatives. In the sequel we will also consider the total energy VEV and express it in terms of the trace Tr A −s , fulfilling
2.6 The heat kernel. For t ∈ [0, +∞), this is given by
is continuous along with all its partial derivatives of any order, for all t > 0 .
The heat trace (assuming it to exists) is
2.7 The Dirichlet kernel as Mellin transform of the heat kernel. For suitable values of s ∈ C (see Part I), there holds 
for some ρ ∈ C and some smooth function H : [0, +∞) → C, vanishing exponentially for t → +∞. Consider the Mellin transform of F , i.e.
this is an analytic function of σ for ℜσ > ℜρ. Integrating the above equation by parts n times (for any n ∈ {1, 2, 3, ...}) we obtain the relation
giving the analytic continuation of M(σ) to a meromorphic function of σ in the region {ℜσ > ℜρ − n}, possibly with simple poles at σ ∈ {ρ , ρ − 1 , ... , ρ − n + 1}. The above results can be employed to obtain the analytic continuations of the regularized stress-energy VEV 0| T u µν (x)|0 (treating x ∈ Ω as a fixed parameter) and of the trace Tr A −s ; for example, assuming the heat trace K(t) to have the form
for some p ∈ R and some smooth function H : [0, +∞) → R, vanishing rapidly for t → +∞, starting from Eq. (2.23) we obtain (for n ∈ {1, 2, 3, ...})
2.9 The case of product domains. Factorization of the heat kernel. Let A := −∆ + V and consider the case where
assume the boundary conditions on ∂Ω to arise from suitable boundary conditions prescribed separately on ∂Ω 1 and ∂Ω 2 so that, for a = 1, 2, the operators 
This implies, amongst else, that the heat kernels K(t ; x, y) := e tA (x, y), K a (t ; x a , y a ) := e tAa (x a , y a ) (a = 1, 2) are related by
Similarly, writing K(t), K a (t) (a ∈ {1, 2}) for the heat traces of A and A a (a ∈ {1, 2}), respectively, we have
Let us briefly recall that a special subcase of the present framework is the case of a slab, i.e.,
with
see Part I for more details on this topic.
2.10 The total energy. The zeta-regularized total energy is
the second equality is proved after defining the regularized bulk and boundary energies, which are
37)
If Ω is unbounded, the integral over ∂Ω in Eq. (2.38) has to be intended as lim ℓ→+∞ ∂Ω ℓ da, where (Ω ℓ ) ℓ=0,1,2,... is a sequence of bounded subdomains with Ω ℓ ⊂ Ω ℓ+1 for ℓ ∈ {0, 1, 2, ..}, and ∪
+∞
ℓ=0 Ω ℓ = Ω. Assuming E u and B u (see Eq.s (2.37) (2.38)) to be finite and analytic for suitable u ∈ C, we define the renormalized energies by the generalized (or restricted) zeta approach; for example, we put
2.11 Curvilinear coordinates. In some applications it is natural to employ on Ω some set of curvilinear coordinates (q i ) i=1,...,d ≡ q, inducing a set of spacetime coordinates q ≡ (q µ ) ≡ (t, q); the spatial and space-time line elements are, respectively,
The analogue of Eq. (2.8) in the coordinate system (q µ ) is
(∇ µ is the covariant derivative induced by the metric (2.40)). For any scalar function f there hold (γ k ij are the Christoffel symbols for the spatial metric (a ij (q)), D i the corresponding covariant derivative)
In the present paper we often work in a curvilinear coordinate system; more precisely we use a set of (rescaled) spherical coordinates, fitting the symmetries of the configuration under analysis. Most of the results of the previous subsections are readily rephrased in this framework.
3 The case of a harmonic potential 3.1 Introducing the problem. We consider the case of a massless scalar field on R d in presence of a classical isotropic harmonic potential. More precisely, we assume
where k > 0 and |x| := (x 1 ) 2 + ... + (x d ) 2 ; the constant k is, dimensionally, a mass (or an inverse length) like the parameter κ employed for the field regularization (2.7). All the considerations reported in the following could be generalized, with some calculational effort, to the anisotropic case
2 where k i 0 for all i ∈ {1, ..., d} , also including slab cases where some of the k i vanish; a further variation would concern a massive field in one of the above mentioned configurations, so that, e.g., in place of (3.1) we would have V (x) := m 2 + k 4 |x| 2 . None of these generalizations will be considered, for the sake of computational simplicity.
The heat kernel.
Even though the configuration (3.1) is patently spherically symmetric, we choose to postpone the use of spherical coordinates to the next subsection; here we work in standard Cartesian coordinates (x i ) i=1,...,d , for reasons that will soon become apparent. First of all, notice that (3.1) is a configuration of the product type considered in subsection 2.9; in particular, with a trivial generalization of the results therein, we have for the Hilbert space of the system and for the fundamental operator A := −∆ + V , respectively, the following representations (compare with Eq. (2.32)):
2)
In this situation, the heat kernel of A is given by (compare with Eq. (2.33))
where K 1 is the heat kernel of A 1 ; the latter is the familiar Mehler kernel, that is
(see [6] , using the equations therein with the replacement (t, x, y) → (k 2 t, kx, ky)). The last two relations imply (with
A similar analysis can be performed for the heat trace. Firstly note that (compare with Eq. (2.34))
where K 1 (t) indicates the trace for the reduced one-dimensional problem; for the latter quantity we can easily deduce the expression ( 2 )
Summing up, for the heat trace of the complete d-dimensional problem we have
In the following subsections we explain how to construct the analytic continuation of the zeta-regularized VEV of the stress-energy tensor, using the expression (3.6) for the heat kernel and the integral representation (2.22) for the Dirichlet kernel. Moreover, we show how to determine asymptotic expressions for the renormalized stress-energy VEV in the limit of small and large |x|, respectively. Moving along the same lines, we also derive the renormalized VEV of the total energy; to this purpose, we consider the representation (2.23) for the trace Tr A −s and the expression (3.9) for the heat trace.
Spherical coordinates.
As anticipated in subsection 3.2, we now pass to a set of curvilinear coordinates which best fit the symmetries of the problem (see subsection 2.11); namely, we introduce the spherical "k-rescaled" coordinates
(3.10) whose inverse map q → x(q) is described by the equations
Needless to say, for d = 1 (when the system is invariant under the parity symmetry
2 In order to derive Eq. (3.8) we can proceed, for example, as explained hereafter. The second equality in Eq. (2.21) and the explicit expression (3.5) for the one-dimensional heat kernel (along with some trivial trigonometric identities) allow us to infer
Let us stress that, for any spatial dimension d, we have r = k |x| ; (3.13) thus, the coordinate r is an adimensional radius. In order to avoid cumbersome notations, given a function Ω → Y , x → f (x) (with Y any set), we indicate the composition q → f (x(q)) as q → f (q) ; we will use similar conventions for functions on Ω × Ω (see, e.g., what follows).
Let us now consider the Dirichlet function D s (x, y) and the heat kernel K(t ; x, y);
and put
In the sequel we write D s (q, p) and K(τ ; q, p), respectively, for the Dirichlet and heat kernels at two points x, y of (rescaled) spherical coordinates q, p, and with τ related to t by Eq. (3.15). Eq. (3.6) implies
where S(θ) and S(θ ′ ) are the products of cosines and sines of the angular coordinates (θ 1 , ..., θ d 1 ) and (θ
) of Eq. (3.14), corresponding to the scalar product x · y. From Eq. (2.22) it follows that
substituting this relation into the analogues of Eq.s (2.16-2.18) for curvilinear coordinates (see subsection 2.11), we get
where the coefficients H
Here and in the reaminder of the paper, we are implicitly understanding the dependence on the parameter ξ for simplicity of notation: so, H
µν (τ ; q) stands for H (u) µν (τ ; q ; ξ). In the following subsection we point out some notable properties of the coefficients H (u) µν (τ ; q); these properties will be employed in the following subsection 3.5 in order to evaluate the renormalized stress-energy VEV.
Properties of the coefficients H (u)
µν . Consider the explicit expressions (3.19-3.21) for these coefficients. Using as well Eq. (3.16) for the heat kernel expressed in rescaled, spherical coordinates, one can prove the following facts. i) For fixed τ, q and any µ, ν ∈ {0, r, θ 1 , ...
is smooth on [0, +∞) and exponentially vanishing for τ → +∞.
iii) The final expressions for the coefficients H (u) µν do not depend on the parameter k (even though it appears in the right-hand sides of Eq.s (3.19-3.21)). iv) There hold
µν (τ ; r) is a polynomial in r, u of degree 1 in both these variables, with coefficients depending smoothly on τ .
All the above statements i)-v) could be proved for arbitrary d, but we will limit ourself to check them in the cases d ∈ {1, 2, 3} considered hereafter, for which the explicit expressions of all coefficients H (u) µν (τ ; q) (µ = ν ∈ {0, r, θ 1 }) will be given: see the subsequent subsections 4.1, 4.2 and 4.3, respectively. Before moving on, let us make a few remarks. First, consider the integral representation (3.18) for the regularized stress-energy VEV; in consequence of point iii), the latter VEV only depends on the parameter k through the multiplicative coefficient k d+1 (κ/k) u in front of the integral in the cited equation. Next, we note that Eq.
(3.22) of point iv) indicates that the VEV 0| T u µν (q)|0 is diagonal and that the only independent components are those with µ = ν ∈ {0, r, θ 1 }; finally, these components only depend on the radial coordinate r (and not on the angular ones {θ 1 , ..., θ d−1 }), in accordance with the spherical symmetry of the configuration under analysis.
3.5 Analytic continuation. Let us move on to determine the analytic continuation of the regularized VEV (3.18) . To this purpose, we refer to the framework of subsection 2.8; using Eq.s (2.24-2.26) with
µν (τ ; q) . µν (τ ; q) pointed out in the previous subsection, the integral in the above expression converges for
so that Eq. (3.24) yields the required analytic continuation of 0| T u µν (q)|0 to the very same region. Since we are interested in evaluating (the regular part of) this analytic continuation in u = 0, we choose n so that Eq. (3.25) holds for u = 0, i.e.
Following Eq. (2.10), in general we define
For n as in Eq. (3.26), consider the expression on the right-hand side of Eq. (3.24); for any even spatial dimension d this expression is regular in u = 0, so that we can apply the zeta regularization in its restricted version to obtain the renormalized stress-energy VEV. On the other hand, for odd d we must resort to the extended version of the zeta technique, since the function under analysis has a simple pole in u = 0 . Because of the pole singularity, the procedure of evaluating the regular part of Eq. (3.24) in u = 0 in the case of odd d implies the appearance of a logarithmic term in τ in the integrand ( 4 ). Simple but rather lenghty computations give the following 3 As a matter of fact, for computational simplicity, we will always choose the smaller n ∈ {0, 1, 2, ...} fulfilling Eq. (3.26). 4 In fact
results, for d either odd or even and µ, ν ∈ {0, r, θ 1 }:
µν (r) , where (3.28)
577 is the Euler-Mascheroni constant). In the above P
µν (τ ; r) and P µν (τ ; q); these functions are in fact polynomials in r 2 of the form
for some smooth functions p
a fact corresponding to the previous comments on the logarithmic terms. Next note that, in consequence of the remarks of subsection 3.4, the renormalized VEV 0| T µν (q)|0 ren only depends on the parameter k through the coefficients k d+1 and M κ,k in the first equation of (3.28). In particular, the functions T (a) µν (r) (a ∈ {0, 1}) introduced therein do not depend on k and we can evaluate them computing the integrals in Eq. (3.28) numerically, for any fixed r ∈ (0, +∞). To conclude, following the considerations of subsection 2.3 ( 5 ), we define the conformal and non-conformal parts of the functions r → T 
The logarithmic term proportional to u is not relevant in the case of even d, where analytic continuation exists up to u = 0 and it is simply obtained setting u = 0 in (3.24). On the contrary, for odd d we must take the regular part at u = 0 of the expression (3.24) and the above term u 2 ln τ contributes to it, since it is multiplied by a term proportional to 1/u that comes from the u → 0 expansion of the factor 1/(
+n) in (3.24). Also recall the statement in point i) of subsection 3.4.
5 In particular, we use the same convention as in Part I (see Eq. (2.24) therein or Eq. (2.13) in the present paper): µν (a ∈ {0, 1}) and the graphs (obtained via numerical integration) for each one of the functions in Eq. (3.31), for d ∈ {1, 2, 3} respectively.
3.6 Asymptotics for r = k|x| → 0 + . Hereafter we present a method which we will use to determine the asymptotic expansion for the renormalized stress-energy VEV in the limit r = k|x| → 0 + . Let us consider a function F : (0, +∞) → R defined by
where h(τ ) is a positive bounded function, while P (τ ; r) is a polynomial of degree N in r 2 ; more precisely, we assume that
for some integrable functions p i : (0, +∞) → R (i ∈ {0, ..., N}). We claim that the Taylor expansion of the exponential in Eq. (3.32) implies an expansion
where the coefficients a i ∈ R are defined by
more precisely, the remainder term is such that
for all r ∈ (0, +∞) , (3.36)
See Appendix A for the derivation of the above results.
Consider the expression (3.28) for the independent components of the renormalized stress-energy VEV; recalling that P
µν and P
µν are both polynomials in r 2 of degree n+1 (see Eq. (3.29)), we note that each component (fixed µ, ν) has the form (3.32) (3.33) with
µν (τ ; r) , N = n + 1 .
Thus, using the above approach, we can infer the expansion for the renormalized stress-energy VEV in the limit r = k|x| → 0 + ; we defer the explicit results for d ∈ {1, 2, 3} to Section 4, where the integrals in Eq. (3.35) are evaluated numerically for the choices of h and P under analysis.
3.7 Asymptotics for r = k|x| → +∞. Let us discuss some general methods allowing to determine the asymptotic behaviour for certain types of integrals; these methods will be employed to determine the asymptotic expansion of renormalized stress-energy VEV in the limit r = k|x| → +∞. Consider a function F : (0, +∞) → R defined by
where Q(v; r) is a polynomial in r 2 of the form
for some smooth integrable functions q
i , q
(1) i : [0, 1) → R (i ∈ {0, ..., N}). The asymptotic expansion of F (r) for large r can be obtained using the standard theory of Laplace integrals [7, 13, 21, 22] ; in the present subsection we only report the main results of this analysis, making reference to Appendix A for the proofs. For any K ∈ {1, 2, 3, ...} and any v 0 ∈ (0, 1), we have:
In the above expression, the coefficients A i,m (v 0 , r), B i,m (v 0 , r) (for i ∈ {0, ..., N}, m ∈ {0, 1, 2, ...}) are defined by Concerning the remainder term R K+1 (v 0 , r), we can give quantitative estimates of the form
for all r ∈ (0, +∞) ; (3.44) these involve some constants F K+1 , G K+1 > 0, that can be determined explicitly following the indications of Appendix A. Moreover, from the asymptotic behaviour of the incomplete gamma γ( , ) and of the function g( , ), we infer
where we have defined the real coefficients (for i ∈ {0, ..., N}, m ∈ {0, 1, 2, ...}) i,m are as in Eq. (3.42). In principle, the remainder term S K+1 (v 0 , r) in Eq. (3.45) could be evaluated quantitatively combining Eq. (3.44) with some known estimates about the incomplete gamma functions; the related computations would be very tedious, and will be avoided here.
Let us now consider expression (3.28) for the renormalized VEV of the stress-energy tensor and perform inside the integrals appearing therein the change of variable τ = arcth (v) , v ∈ (0, 1) (3.47) ("arcth" denotes the hyperbolic arctangent); in this way we obtain
µν (arcth v ; r)+ln(arcth v) P In this way we can derive asymptotic expressions analogous to (3.41) (and (3.45)) for the renormalized stress-energy VEV in the limit r = k|x| → +∞; we report in Section 4 the explicit results of this computation for the cases with d ∈ {1, 2, 3}, respectively.
3.8 The total energy. Let us recall that the total energy can always be expressed as the sum of a bulk and a boundary contribution as in Eq. (2.36); in the following we are going to discuss these two contributions separately. Let us first consider the regularized bulk energy; according to Eq. (2.37), this is
. This is connected through Eq. (2.23) to the heat trace K(t) := Tr e −tA that, according to Eq. (3.9), has the form
it is patent that the map t → H(t) is smooth on [0, +∞) and exponentially vanishing for t → +∞. Then, following the general considerations of subsection 2.8 (see, in particular, Eq. (2.28) for the trace Tr A −s ), we obtain for the regularized bulk energy
The above relation holds for any n ∈ {1, 2, 3, ...} and the integral appearing therein converges for any complex u with
thus, for any integer n > d + 1/2, Eq. (3.53) gives the analytic continuation of E u in a neighborhood of u = 0. Since here no singularity appears, we can obtain the renormalized bulk energy simply by setting u = 0 in Eq. (3.53); making again the change of integration variable τ := k 2 t (see Eq. (3.15)), we infer
The above expression is fully explicit and holds for any spatial dimention d; in the subsequent Section 4 we are going to evaluate numerically the integral appearing in Eq. (3.55) for d ∈ {1, 2, 3}, making the minimal choice n = d + 1 . Let us point out that in the case under analysis, where the potential is assumed to be isotropic, we could also derive an alternative representation for the bulk energy E ren in terms of the (analytically continued) Riemann zeta function; we discuss this topic in detail in Appendix B. Here we prefer to focus the attention on the approach (3.55) for the computation of E ren since it is more general; in fact, it could be employed straightforwardly also when the background potential is not isotropic ( 6 ). As pointed out in the Introduction, the computation of the renormalzied bulk energy was also performed by Actor and Bender in [2] ; these authors employed a global zeta approach based on ad hoc results on the analytic continuation of some particular kind of "generalized" zeta functions (discussed in detail in [1]), befitting the configuration under analysis. Let us stress once more that here, instead, we derive the required analytic continuation applying a general procedure in a mechanical way. Our method and the one of [2] could be proved to be equivalent in any dimension, yet the general discussion is too involved to be reported here; in subsection 4.3 we check by direct comparison that, in the case d = 3 ( 7 ), the numerical result obtained using prescription (3.55) agrees with the one derived in [2] . Now, let us move on to discuss the boundary energy. In all the cases treated in Parts I and II this boundary contribution was easily found to vanish identically in consequence of the boundary conditions. Here the situation is not so simple: since the spatial domain is unbounded (indeed, Ω = R d ), we must resort to the procedure pointed out in subsection 2.10 and intend the integral over ∂Ω in definition (2.38) as the limit of integrals over the boundary of suitable, bounded subdomains (Ω ℓ ) ℓ=0,1,2,... (see the comments below Eq. (2.38)). Due to the spherical symmetry and to the characteristic scale of the problem under analysis, it is natural to choose for Ω ℓ the balls with center in the origin and radius ℓ/k:
Then, Eq. (2.38) for the boundary energy reads
y=x (3.57) 6 Let us recall that in the present paper we have chosen to omit the analysis of cases with unisotropic background potentials only for simplicity. 7 As a matter of fact, this is the only model discussed both here and in [2] .
where
indicates the (d − 1)-dimensional spherical hypersurface, while ∂ ry denotes the derivative in the radial direction with respect to the variable y. In terms of the set of rescaled spherical coordinates (3.11), we have
then, using the integral representation (2.22) for the Dirichlet kernel in terms of the heat kernel (again, with the change of variable τ := k 2 t) and noting that the above expression for the latter does not depend on the angular variables (θ 1 , ..., θ d−1 ) ( 8 ), we infer
where, for brevity, we have put
For any d ∈ {1, 2, 3, ...}, ℓ 0, the expression within the round brackets in the above equation is an analytic function of τ on [0, +∞) and vanishes exponentially for τ → +∞ . In consequence of this, we easily infer that the integral in Eq. (3.60) converges for any complex u with
Within this region, by Lebesgue's dominated convergence theorem ( 9 ) we can take the limit under the integral sign in Eq. (3.60), and the conclusion is
(3.62) 8 We also use the fact that the area of the (d − 1)-dimensional spherical hypersurface of radius r is
9 Indeed, notice that, for any ℓ 0, there holds
where the right-hand side is Lebesgue-integrable over (0, +∞) ; besides,
Summing up, by analytic continuation we conclude that the renormalized boundary energy vanishes:
The previous results in spatial dimension d ∈ {1, 2, 3}
4.1 Case d = 1. Let us first recall that in this case the configuration is symmetrical under the reflection x 1 → −x 1 ; on any one of the intervals (0, +∞) and (−∞, 0) we can use the coordinate q ≡ r := k|x 1 | ∈ (0, +∞) (see Eq. (3.12)). After lenghty computations, based on Eq.s (2.16-2.18) and on the general considerations of subsection 3.5, we obtain for the regularized VEV of the stress-energy tensor an expression of the form (3.18). More precisely, we have
where (recall that dependence on ξ is understood)
2τ (1+4ξ cosh 2τ ) sinh 2τ
and the off-diagonal components H (u) µν (τ ; q) (µ = ν) vanish identically; in the above, for simplicity of notation we have set
The above expressions for the components of the tensor H so that Eq. (3.24) gives
It is evident that 0| T u µν (q)|0 has a simple pole at u = 0 (this reflects a general feature of the cases with odd spatial dimension, already indicated in subsection 3.5). Thus, the renormalized stress-energy VEV is given by the regular part in u = 0 of the function in Eq. (4.6) (see Eq. (3.27)); with some effort, we can re-express this quantity as in Eq. (3.28), i.e.
µν (τ ; r) ,
µν (τ ; r) . 
(4.12)
The numerical coefficients appearing here and in other small r expansions are obtained from numerical computation of the integrals in (3.35).
On the other hand, using Eq.s (3.39) (3.45) (3.46) (with K = 3, λ = 0) we obtain the following asymptotic expansions, for r = k|x 1 | → +∞:
(4.13)
(4.14)
Let us now discuss the bulk energy; using the expression (3.55) with n = 2 and evaluating numerically the integral appearing therein, we infer
Consider the general framework of subsection 3.5; in this case we use the (rescaled) polar coordinates q = (r, θ 1 ) ∈ (0, +∞) × [0, 2π), fulfilling (see Eq. (3.11)) (
Proceeding as in the one dimensional case, with some effort we obtain the following integral representation for the zeta-regularized stress-energy VEV (compare with Eq. (3.18) and recall that dependence on ξ is understood):
where the tensor
µν is diagonal and, concerning the diagonal components, we have
In the above, for simplicity of notation we have put µν . So, we can analytically continue in u the expression in Eq. (4.17) integrating by parts n times, with n > 3/2 (see Eq.s (3.24) (3.26)); we choose n = 2 ,
Patently, each component of 0| T u µν |0 is regular at u = 0; thus, we can obtain the renormalized version of the stress-energy VEV by simply putting u = 0 in Eq. 10 Of course, the spatial line element in this coordinate system reads dℓ 2 = k −2 (dr 2 +r 2 dθ 2 ); this determines the Christoffel symbols in Eq. (2.42) for the derivatives D ij .
(4.23) (we already noticed this property in general for the cases with even spatial dimension d; see below Eq. (3.26) ). In conclusion, (compare with Eq.s (3.28-3.30)); also in this case, we easily check that P
µν is a polynomial of degree N = 3 in r 2 . Next, we proceed as we did in the previous subsection for the case of spatial dimension d = 1: we evaluate numerically the integrals in Eq. (4.24) and separate the conformal and non-conformal parts ♦, of each component (see Eq. (3.31)), noting that Eq. (2.14) gives
The forthcoming Fig.s 5-7 show the graphs of the functions On the other hand, using Eq.s (3.39) (3.45) (3.46) (with K = 5, λ = −1/2; note that no logarithmic term ln r 2 appears in this case) we obtain the following asymptotic expansions for r = k|x| → +∞: 
(4.32)
As for the bulk energy, using again the expression (3.55) with n = 3 and evaluating numerically the integral appearing therein, we obtain
In this case we use the coordinates q = (r, θ 1 , θ 2 ) ∈ (0, +∞) × (0, π) × [0, 2π), which are related to the Cartesian coordinates x ≡ (x 1 , x 2 , x 3 ) via (see Eq. (3.11)) ( 11 )
(4.34) 11 In this case the framework of subsection 2.11 must be employed using the spatial line element Similarly to what we did in the previous two subsections, after lenghty computations, we can express the zeta-regularized stress-energy VEV as (compare with Eq. (3.18) and recall that dependence on ξ is understood)
µν is diagonal and we only have to consider the independent components
1+ r 
As in all cases with odd spatial dimension, the analytic continuation of the regularized stress-energy VEV given in Eq. (4.41) has a simple pole in u = 0 (recall subsection 3.5). In consequence of this, we have to adopt the extended version of the zeta approach to define the renormalized VEV 0| T µν (q)|0 ren , taking the regular part in u = 0 of Eq. (4.41) (see Eq. (3.27)); with some effort, we obtain 
µν (τ ; q) ,
µν (τ ; q) ; (4.43) this time, we readily infer that P (0)
µν are polynomials of degree N = 4 in r 2 . Now, we evaluate numerically the integrals in Eq. (4.42) and distinguish between the conformal and non-conformal parts ♦, of each component; once more we refer to Eq. (3.31), recalling that for d = 3 we have (see Eq. (2.14))
The forthcoming Fig.s 8-13 show the graphs of the functions 
On the other hand, Eq.s (3.39) (3.45) (3.46) (with K = 4, λ = 0) allow us to infer the following asymptotic expansion, for r = k|x| → +∞: 
A Appendix. Asymptotic expansions for certain integrals
Hereafter we show how to obtain the expansions (3.34) (3.41), holding respectively for the functions defined via the integral representations (3.32) (3.39). The proofs are given in subsections A.1 and A.3; subsection A.2 is an interlude on gamma-type functions, useful in view of subsection A.3.
A.1 Derivation of Eq.s (3.34-3.37). Let us consider the framework of subsection 3.6, where
(r ∈ (0, +∞)) , (A.1) (h a positive bounded function, p i (i ∈ {0, ..., N}) some integrable functions).
To evaluate F (r) we start from Taylor's formula with Lagrange remainder for the exponential; this ensures that, for any z ∈ (0, +∞) and any M ∈ {0, 1, 2, ...},
for some z ⋆ = z * (z) ∈ (0, z); in particular, we have
Substituting expansion (A.2) with z = r 2 h(τ ) and M = N −i into Eq. (A.1), we readily infer
with z ⋆ (τ, r) ∈ (0, r 2 h(τ )). Introducing a new summation index i such that m = j−i, and performing the exchange i ↔ j ( 13 ), the above relation yields
where the coefficients a i ∈ R are defined as in Eq. (3.35), while the remainder term
Using the estimate (A.3), we readily infer the uniform bound, holding for all r ∈ (0, +∞), for all s ∈ C, z ∈ (0, +∞) . (A.9)
Hereafter we report some well-known properties of these functions (see [20] 14 For example, we have the following chain of equalities: First note that, for n = 1 and n = 2, the above integrals are known to be related to the Riemann zeta function ζ; more precisely, we have (see [20] , p.604, Eq.s 25.5.8 and 25.5. Summing up, Eq.s (B.6) (B.7) give the recursive relation I n+2 (s) = − n n+1 I n (s) + (s − 1)(s − 2) n(n+1) I n (s − 2) (s ∈ C, ℜs > n + 2) . (B.8)
This result and the explicit expressions (B.3) (B.4) allow to express any integral I n (s) in terms of (suitable linear combinations of) the Riemann zeta ζ; needless to say, the analytic continuation of I n is then determined by the well-known analytic continuation of ζ.
B.2 The bulk energy in terms of the integrals I n (s). Using Eq. (3.53) for the regularized energy E u with n = 0 and the explicit representation (3.52) for the heat trace K(t), we obtain making the change of variable τ := k 2 t ∈ (0, +∞) and recalling the definition (B.2), we infer
where ζ( , ) indicates the analytic continuation of the Hurwitz zeta function; this statement follows is easily proved using the known identities (see [20] 
